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\^LbP:|%LNlyeh|Pln¢ lixP_dfwn\^e`b| ly`Nzbe \feli`N[
(ai)i=1,...,N
T¨lydfPyP `NP d%wnYi>\^Lbeh[
wyxbxbdfliwy|%Lly`NYeOxbdfl¥yP}[#\^LNP: lidf[]\]¬¶| wi[]PxJP d^¢¯lydfOwn`N| P:wn`Nz«zZlIP}[`bln\|ly`[]ehzZP d)\^LbPylyNwykP_LNw³¥Ielid)ln¢\fLbP	b\f`bP_[f[
7LbP_`ªlyxJP d%w\^e`b|li`NzZe\^ely`N[&#aN|°\faNw\fPy
C [ [ DF  ¹  b %7 F  % º #GÇP+PD ½ bRQ
KLbP Nwy[^eh|7ezbP_wly¢®e`<\^P_d^¥wywn`wnYI[^eh[e[±\^lrzZP\fP dfOe`bPS\^LbP e`<\^P_d^¥wyNe`:7Lbeh|%L\^LbP|li[]\±¢¯aN`N|°\feli`:¥wndfeP}[kwy[k\^LbP lyxJP d%w\^e`b
| ly`NzZe\^ely`[ #NaN|\^aNwn\^P)e`wye¥yP_`ªe`<\^P_d^¥wy@KLbP `2w\o"ln¬­lyZmoP}|°\fe¥iP lixZ\^eOe}w\^ely`¨xNd^libP_O eh[S[^ly¥yP}z Z\^Lw\ | ly`N[^e[]\f[{e`















J (x, W (x, a)) a ∈ [amin, amax],WIaNZmoP_|\7\^l




J (x, W (x, a)) a ∈ [amin, amax],WIabZmoP}|°\7\fl













µ li`i\fdfwyd^Y\^l\^LbPxbdfP ¥IeliaN[kOP \^LblZzb[_<\^LbP e`<\^P_d^¥wyJwy`NwnYZ[]eh[kwnxNxbd^l<wy|%L|P_wyd^YzZPN`NP_[ d^libaN[]\"zZP}[]ey`:wi[ wr|lyOxbdflyOeh[]P
JP\o"P P_`\o lSyliwy[>e`|dfP_wy[^P\fLbP b\f`bP_[f[ln¢I\^LbP"[]YZ[]\^P_O¡wy`Nz#dfP_zZaN| Pk\fLbP b\f`bP_[f[®¥wyd^ehw\feli`N[  SP}[]xbe\^P±\^Lbeh[eOxbdfl¥yP_OP_`<\_
\fLbPOP\fLblZz¨LNwi[ [^P ¥iP d%wn®zZd%w³7Nwy|%§Z[_ZYed%[o\}N\fLbP)\o"l
[^abbxbdflybP O[ wndfP[]eOehwnd{\^l$@ 
7¢¯lyd{\fLbP"lyd%[]\]¬¶| wy[^PwnxbxNd^l<wy|%L®
  [{P²Zxbhwne`bP}zwyl¥iPyb[^ly¥Ie`b:zbedfP_|\^Y:\^LNe[7§Ie`Nzªln¢xbdflybP O[7eh[\fP_zZelyaN[{¢¯lydS| lyOxbP²ªwnxbxbeh| w\feli`N[_ WIlyOP)[^ln¢£\owndfP_[
P ²Ieh[]\_ \fLNw\wyaZ\^liOwn\^eh| wyY¨xP_d]¢¯lid^O e`<\^P_d^¥wnwy`NwnYZ[]eh[ -5{l"P ¥iP d}>wi[#P²Zxbhwne`bP_ze`6 i ­ \fLbP edaN[^Pe`+\^LbP:| ly`<\^P ²<\#ln¢
µ Y  []li¥iP d%[#P²ZLbebe\f[[]ey`be.|_wn`<\rzZe´:|ab\^eP_[_kzZabP
\^l¨\fLbPwyilydfe \fLbOe|| lyOxbP²Ze\oY+ly¢S[]aN|%L | lZzZP_[_+WIP}|ly`zZYiD\^Lbeh[
wyxbxbdfliwy|%L:zbl<P}[k`bly\ \%wn§iP{e`<\flrwy|_|liab`<\k\^LbP(b\f`bP_[f[±¥wyd^ehw\feli`N[ke`N[^ezZPS\^LbP e`<\fP df¥³wy
[Jmin(x),Jmax(x)]
  `bYP²I\^dfP OP
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  `bP:wy[^l¨[]abxNxl<[]P}[#¢¯lyd\fLbP:[fwn§yPly¢7[^eOxNeh|e\oY\fLNw\)\fLbPd%wn`NzZliO ¥wndfehwnbP_[
(Am)m=1,...,M
wyd^P:e`NzZP_xP_`NzZP_`i\}+KLbP[o\%w\fe[]\^eh| wy |%LNwydfwi|°\^P_d^eh[]\^eh| [#ln¢{lixP_dfwn\^e`b|li`NzZe\^ely`N[r| wy` PzZP\fP dfOe`bP}z¤IY
P ²IxJP dfeOP_`<\fwn#OP_wi[]aNd^P_OP_`<\f[lydP `bie`bP_P dfe`N©P²ZxJP dfeP_`N|Pi 0#wnaN[f[^ewy` jkdflyNwybee\oY  P `[]e\oY Ybab`|°\^ely`[4Çj  YN[
lyd
\fd^ab`| w\fP_z 0#wna[^[^ewy`
j  YN[ wndfP ly¢£\^P_`a[]P}ze`ªxbd%wy|°\fe| P-@[]P_P	 y ®¢¯lid7e`N[]\fwy`N|P 
°




Q{P_abOwn`b`b¬­T¨lid^iP `N[]\^P_d^`:zbP_|eh[^eli`\^LbP_lydfY  Zby E<\fLbP JP_[]\7|%Lblyeh|P e[±\^LbP_`:\flr[^P P_|°\"\^LNPzZP}[]ey`
7Lbeh|%L P_wizb[\fl\^LNP
JP_[]\rP²ZxJP_|\^P_z b\^`bP}[^[_+KLNe[e[r§I`bl7` wy[)\^LbPTw²ZeOabO²ZxJP_|°\fP_zkwyaNP$ÇT 
r|dfe \fP dfeli`®






J (x, W (x, a)) ρA(a) da x ∈ <
n,
WIaNZmoP_|\7\^l








KLbP `2b\^LNPT /| d^e\^P_d^ely`moaN[]\ | ly`N[^e[]\f[{e`
Oe`beOe e`b\^LbP[]\fw\fe[]\^eh| wyOP}wn`
µJ










wyxbxbdfliwi|%L eh[w©[]ey`be.|_wn`<\:eOxbdfl¥yP_OP `<\:l¥yP_d:xbdfP ¥IeliaN[OP\fLblZzb[_ KLbPdflybaN[]\zZP}[]ey` xNd^libP_O eh[:`Nl
| ly`N[^ezbP dfP_z:7e\^LNe`ªwdfeylydflya[±[]\fw\fe[]\^eh| wyJ¢¯dfwyOP_ lid^§>DKLbe[wyl{[k\fl\fwn§iPSe`<\^lwy| | lyab`<\"\^LbP#d%wn`NzblyO #NaN|\^aNwn\^ely`N["ln¢
\fLbP N\^`bP}[^["e`:\^LNP lixZ\^eOe}w\^ely`
xbd^libP OªIbaZ\7wnh[]l\^lr|_wndfP wyliaZ\±\fLbPS¢¯dfP_g<abP_`N|Yly¢2lZ| |aNd^P_`N|P ln¢ \^LNP P_¥yP `<\%[ <\^Lwn`b§Z[
\flj  YN[_KLbP `22\fLbP





5Sl P_¥yP d}bxbdflyNP_O ]y
SzZlIP_[S`bln\#wyzbzZdfP_[f[7\fLbP¥wyd^ehwnbee \oYln¢\^LNP b\f`bP_[f[_SKLbPOP}wn`¥wnabP)ly¢\^LbP b\^`NP_[f[Seh[{\fLbP
li`bY:| d^e\^P_d^ely`:\^LNwn\eh[|li`N[]ehzZP_d^P}ze`
\^LbP"2Ww³YyP_[  zZP_| e[^eli` ° Yblid P_`bye`bP P_d^e`brxbd^libP O[ Ili`bPwy[^l"lyaNz
e§yPS\^l[]P_P}|°\
wzZP}[]ey`¢¯lidk7Lbeh|%Lr\fLbP b\f`bP_[f[eh[`bly\ []aNZmoP_|\\^lhwndfyP¥wndfewn\^ely`N[wi[lyxJP d%w\fe`b| ly`NzZe\^ely`[ #NaN|\^aNwn\^PyKLbP_`®iw[^P_| ly`Nz
| d^e\^P_d^ely`:eh[ ln¢£\^P_`)molie`bP}z\^lr\^LNP T ~| d^e\^P_d^ely`®i\^Lw\ dfP eP_[ ly`\fLbP Oe`beOe_wn\^ely`:ly¢®\^LNP ¥wndfehwn`N| P
σ2J
ln¢®\fLbP"b\f`bP_[f[
T¨e`beOe_P { µJ =
∫
Ω(A)








P [C(x, W (x,A)) ≤ 0] ≥ p.
o³ 

KLbeh[Dwnxbxbdfliwi|%L)wneO[wn\DzZP \^P dfOe`Ne`b#w7\fdfwizZP¬­l  P \o P_P `\^LbP"P²ZxJP_|°\fP_zN\^`bP}[^[wn`z#\^LbP"P²ZxJP_|\^P_zb\^`NP_[f[2¥wndfehw\^ely`
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  `bPS[^abxbxJli[^P_[±\^Lw\±\fLbP |%Lwnd%wy|°\fP dfe[]\^eh| [kln¢ \^LNPSd%wn`NzZliO
lixP_dfwn\^e`b|ly`zZe \feli`N[
A














liaZ\^xbab\"ly¢Dw|lyOxbP²`IabOP dfeh| wn [^eOrabhw\^ely`
\^lIlyEZ[]a|%Lwy[wµ Y ~[]li¥iP d}y7LbP_d^P}wy[
A
eh[wn`e`NxbaZ\xNwnd%wnOP \^P d}rKLNP dfP¢¯lydfPy>\fLbPOwne`+eh[f[]abPeh[\^LbPP}[o\feOw\feli`+ly¢ liaZ\^xbab\#aN`N|P_d]\%wne`i\oY+wy| | lyd%zZe`b:\fl\fLbP
§I`bl7P_zZiP#ln¢e`bxbab\{ab`N|P_d]\%wne`<\oYyZeE Pi\^LbPxbdflyxwniwn\^ely`:ly¢DaN`N|P_d]\%wne`i\oY\fLbdflyabiL
\fLbPrµ Y  []li¥iP d}
KLbeh[xbdflybP O | wn`ªJP)wyzbzbd^P}[^[^P_z3 < 2IY:P e\^LNP d{zZP \^P dfOe`Ne[]\^eh|#lyd{[]\^lZ|%LNwi[o\fe| ¥IeP_7xlie`<\f[_



























wy`©wn`NwyY<\fe|_wn±wyxbxbdfl³²IeOw\feli`ly¢7\^LbP|l<[o\r¢¯ab`N|°\feli` lydzZeh[^| d^P \^e P\fLbPe`<\^P_yd%wnh[ 
KLbPhw\]\fP dª[]liab\^ely` eh[giaNe \fP[^eOewyd
\fl©\fLbPOab\^exlie`<\¨wnxbxNd^l<wy|%L®{[^e`|P+\^LbPe`<\fP yd%wnh[:JP_| lyOP"P eyL<\fP_z [^abO[
ly¢| li[]\¢¯ab`N|°\feli`N[:P_¥wnaNw\fP_z ¢¯lyd



















































KLbeh[wnxNxbd^l<wy|%Lzbl<P}[#`bln\)[^a  >P d#¢¯dflyO ]xlie`<\^¬ElixZ\^eOe}w\^ely`+P  >P_|\ [^e`N|P\^LNP[fwnOxbP
(ai)i=1,...,N
e[iP `bP_dfwn\^P_zdfwy`Z¬
zZliOY©wi| | lyd%zZe`N\fl+\fLbP¨j  Y
ρA
 5{l"P ¥yP_d_±e \:eh[ P_7§I`bl7`©\^LNwn\\^Lbeh[[]\^lZ|%LNwy[]\^eh|ªwnxbxNd^l<wy|%L dfP_g<abed^P}[w+hwndfyP
[fwnOxbP{\flrxbdfl¥IezbPSwn`
wi| | abdfwn\^P{P}[o\feOwn\^ely`:ly¢ \^LbP#[o\%w\fe[]\^eh| [_'Yblyd7µ Y  wyxbxbe|_w\feli`N[ IwzbedfP_|\T¨li`<\^P¬]µ"wndflOP \^LblZz
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l¥iP d\^LNP{dfwy`byPly¢JlixP_dfwn\^e`b|ly`zZe \feli`N[lid\^l)P}[o\feOw\fP\^LbP [o\%w\^eh[]\^eh| wn|%LNwnd%wy|\^P dfeh[o\fe|_[a[]e`bwT¨ly`<\fP¬]µ"wndfl#OP\fLblZz 
K lxJli[f[]ebee\^eP_[SwndfP P ²ZwyOe`bP}z
e`\^LbP`NP²I\S[]P}|°\feli`N[KDw³YIlid7WZP dfeP}[ÇK{W7
"lid{v{wyzZehwnXWwi[]eh[ Ybab`N|\^ely`N[ Çv W YN[
°
M  M C   º % ½  ¹ RG ¹ rP+PD ½ G  Z#G ½ F



















(am − µmA ),
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"YIeP_zN[7wYDedf[]\]¬  d%zZP d
Y  




FO = J (x, W (x, µA)).
@y 

KLbPaN[^PSly¢ \^LbPe`bP}wnd wyxbxbdfl³²ZeOw\feli` @Z 
ly¢®\^LbP|l<[o\ ¢¯ab`N|°\feli`:\flP_[]\^eOw\fP{\^LNP e`<\^P idfwy ]_ 
±xbdfl¥<ehzZP}[kwNd%[]\]¬­lyd%zZP d
wyxbxbdfl³²IeOw\feli`


















 S \fP df`Nw\fe¥iP Yyk\fLbPªaN[^Ply¢S\^LNPªg<aNwizZd%w\^eh|wnxbxbdfl³²ZeOwn\^ely` Ey 
rln¢ \^LbP¨| li[]\r¢¯ab`|°\^ely` YIeP_zN[wWIP}|li`NzI¬  dfzZP_d EW  

wyxbxbdfl³²IeOw\feli`
ln¢\^LbPOP}wn`®kKLbPWZP_|li`NzI¬  dfzbP d Yed%[o\^¬­T¨liOP `<\@W  YT3
"OP\fLblZzd^P}wyzb[
(µ̃J )



















kKLbP `2I\^LbP)WIP}|ly`zI¬  d%zZP_dWIP}|li`NzI¬¶T¨lyOP `<\
EW  WZT3
DOP\fLblZzaN[^aNwnYd^P_eP_[li`\fLbP7e`<\fP yd%w\feli`ly¢ ]_ 
DaN[^e`b\^LbP7e`NP_wndkwyxbxbdfl³²ZeOw\feli` EZ
Dly¢\fLbP{|l<[o\¢¯ab`N|\^ely`









































e[Sd^aNP}zª<Yªw10#wyaN[^[^ehwn`¨j  Y"N\fLbPrg<aNwizZdfwn\^eh|)wnxNxbd^l³²ZeOw\^ely`@i 
{|_wn`¨JPP}wy[^eY
P_OxNlYiP_ze`¨|li`moab`N|\^ely`7e \fL\^LbP)[^P_| ly`NzI¬­lyd%zZP_d P}[o\feOw\feli`ªln¢2\fLbPOP_wy`E@J 
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  [:| wy` JP[]P_P `® ¢¯lyd\fLbP Y  YTXOP\fLblZz En 
"\^LbP¨OP_wy` ly¢ \fLbP|l<[o\¢¯ab`|°\^ely` eh[:[^eOxbY«\^LNP|li[]\¢¯ab`N|\^ely`
P_¥³wyaw\^P}zwn\\fLbPOP_wn`+¥wnabPrly¢ lixP_dfwn\^e`b| ly`NzZe\^ely`[ KLNe[wi[^[^abOxZ\^ely`+e[li`bYª\fd^aNP¢¯lide`bP_wyd#[^YZ[o\fP O[_  `\fLbP
W  YT OP \^LblZz$@@J 
°Zwr| lydfd^P}|°\feli`r\fP dfOe["wyzNzZP_z\fLNw\aN[^P_[±\^LbP#[^P_|li`Nz:zZP_d^e¥w\fe¥iP_[kly¢®\^LNP| li[]\±¢¯ab`N|\^ely`®QSln\^P \^Lw\
\fLbP df[]\#zbP dfe¥w\fe¥iP_[ LNw³¥yP`ble`#NaNP `N| Prli`¨\^LbPOP_wy`¥wnabPly¢k\^LNP| li[]\S¢¯ab`N|\^ely`®)KLNPrP}[o\feOw\feli`ly¢\^LbP¥wndfewy`N|P
dfP_g<abed^P}[D\^LbP&df[]\±zZP dfe¥³wn\^e¥yP}[e`\^LNP Y  WZT¦OP\fLblZz @!
wn`Nzr\fLbP{[]P}|li`NzzZP dfe¥wn\^e¥yP_[e`\^LbPSW  WZT¦OP \^LblZz En³¬oi/

  xJlyYI`blyOehwn±wyxbxbdfl³²IeOw\feli`ln¢"\^LNP
|l<[o\#¢¯ab`N|\^ely` |_wn`«wnh[]lªJP:lyb\fwne`bP}zaN[^e`bw ®P}wy[]\]¬oWZg<aNwndfP_[% DW7
 b\^\^e`b
wyxbxbdfliwy|%L2ie`N[]\^P_wizln¢aN[]e`bK{W¢¯dflyO \^LNP `bliOe`Nwy>lyxJP d%w\^e`b|ly`zZe \feli`N[_  `
\^LNwn\7|_wy[^Py<`blzZP dfe¥wn\^e¥yP_[ wndfPSdfP_g<abed^P}z 
bab\
[]P_¥yP d%wn{µ Y (wn`wnYI[^P_[rOa[o\:JPªxP_d]¢¯lid^OP_z® T¨lid^P_l¥yP_d_\fLbP¨|li[]\¢¯ab`N|\^ely` ¥³wyaNPªwn\\^LbP¨`bliOe`NwylyxJP d%w\^e`b
| ly`NzZe\^ely`[lyZ\%wne`bP_zIY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J (x, W (x, a1))
J (x, W (x, a2))
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U = (u, v, w)




F = (F1(W ), F2(W ), F3(W ))
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initial NACA 0012 section
optimized at M=0.83
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pareto front for robust design
optimum design at M=0.83
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mean weight = 1   variance weight = 0
mean weight = 0.5    variance weight = 0.5
mean weight = 0   variance weight = 1
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mean weight = 1   variance weight = 0
mean weight = 0.5   variance weight = 0.5
mean weight = 0   variance weight = 1
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optimum design at M=0.83
weight mean = 1   weight variance = 0
weight mean = 0.5   weight variance = 0.5
weight mean = 0   weight variance = 1
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